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We introduce a Shack–Hartmann wavefront sensor for adaptive optics that enables dynamic control of
the spatial sampling of an incoming wavefront using a segmented mirror microelectrical mechanical sys-
tems (MEMS) device. Unlike a conventional lenslet array, subapertures are defined by either segments or
groups of segments of a mirror array, with the ability to change spatial pupil sampling arbitrarily by
redefining the segment grouping. Control over the spatial sampling of the wavefront allows for the mini-
mization of wavefront reconstruction error for different intensities of guide source and different atmo-
spheric conditions, which in turn maximizes an adaptive optics system’s delivered Strehl ratio.
Requirements for the MEMS devices needed in this Shack–Hartmann wavefront sensor are also pre-
sented. © 2008 Optical Society of America
OCIS codes: 010.1080, 010.7350, 220.2740.
1. Introduction
Themajority of astronomical adaptive optics systems
use Shack–Hartmann sensors for wavefront mea-
surement. In a traditional Shack–Hartmann system,
an array of lenses subdivides the pupil of the optical
system, each lens forming an individual image of the
source. The relative location of the images can be
used to determine the gradient of the local wave-
front. In a more recent version of a Shack–Hartmann
sensor, a prism array is placed at a pupil to impart
different local tilts to the incoming wavefront, with
a downstream focusing element creating an array
of images [1]. In both types of Shack–Hartmann sen-
sors, the pupil is subdivided by a static refractive op-
tical element; however, this can also be accomplished
with a segmented mirror array. An example of this is
the reflective Shack–Hartmann wavefront sensor
first used at the six 1:83m mirror Multiple Mirror
Telescope (MMT) in 1994 with a modified Schwarzs-
child system [2].
Astronomical adaptive optics systems operate rou-
tinely in a photon-starved regime, with either natur-
al or laser guide sources. This necessitates using the
available information in an optimum way. The error
associated with the wavefront sensor subsystem
comprises errors dependent on the both the frame
rate and the number of spatial samples across the
pupil. Observations made with guide sources of vary-
ing brightness and angular extent, as well as under
different seeing conditions, can be optimized to give
the minimum possible residual error with control
over each of these factors.
2. Optimization of Spatial and Temporal Pupil
Samplings
An adaptive optics system’s delivered science Strehl
ratio is determined by the sum of all residual error
sources produced by the adaptive optics system,
telescope, science instrument, and atmosphere.
Minimizing the error in measurement of the guide
star’s wavefront, the wavefront reconstruction
error—while holding the other errors constant—
can lead to increased adaptive optics system
performance and higher Strehl ratios. Wavefront
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reconstruction error, σwf , for a Shack–Hartmann wa-
vefront sensor, is the quadratic sum of fitting error
(σfit), measurement error (σme), and time-delay error
(σtd):
σ2wf ¼ σ2fit þ σ2me þ σ2td: ð1Þ
Here we examine wavefront reconstruction error
in terms of spatial and temporal pupil sampling
and show how each sampling term can be optimized
to minimize the error in the adaptive optics system.
Hardy [3] gave the following expressions for fitting
error and measurement error (Eqs. 6.36, 5.13, 9.58):
σ2fit ¼ aFðd=r0Þ5=3; ð2Þ
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where aF is the wavefront sensor fitting error coeffi-
cient, r0 is Fried’s parameter, d is the size of a sub-
aperture at the pupil, θ is the angular size of the
guide source, dtele is the diameter of the telescope,
and E is the error propagator. The signal-to-noise ra-
tio (SNR) of a single subaperture slope measurement
in the absence of background is simplified to ([3],
Eq. 5.17),
SNR ¼ nphot=subðnphot=sub þ n2pixe2Þ1=2
; ð4Þ
where nphot=sub is the number of detected photoelec-
trons per subaperture, npix is the number of detector
pixels across a subaperture, and e is the read noise in
electrons per pixel.
Time-delay error can be expressed as ([3],
Eq. 9.56),
σ2td ¼ ðτs=τ0Þ5=3; ð5Þ
where τ0 is a time constant and τs is the time delay
between wavefront measurement and correction in
the adaptive optics control system. The time delay
can be expressed as the number of frames of delay
in the adaptive optics control loop, nfdelay, divided
by the frame rate, f , because the time delay is typi-
cally limited by integration and readout of the wave-
front sensor detector.
Spatial pupil sampling (s) of the wavefront by a
Shack–Hartmann sensor is equal to the ratio of tele-
scope and subaperture diameters, as s ¼ dtele=d, with
the number of detected photoelectrons per subaper-
ture given by
nphot=sub ¼
4
π
Φ
s2f
; ð6Þ
whereΦ is the product of the incident radiant flux of
photons and telescope adaptive optics system and de-
tector quantum efficiencies.
The values of s and f that minimize σ2wf , sopt, and
f opt, respectively, can be evaluated after substituting
s into Eqs. (2) and (3). For the case of d < r0 (neces-
sary for high-contrast imaging and precision astro-
metry [4–8]) the analytic expressions for sopt and
f opt are
sopt ¼ 0:529
a12=35F d
4=7
teleτ
3=14
0 Φ3=14
r4=70 n
3=14
fdelay
; ð7Þ
f opt ¼ 0:801
n1=14fdelayr
3=7
0 Φ3=14
a9=35F d
3=7
teleτ
11=14
0
; ð8Þ
where sopt and f opt are found by solving the system of
equations
d
ds
½σ2wf  ¼ 0;
d
df
½σ2wf  ¼ 0
by the least-squares method and assuming no noise
with θ ¼ 0 and E∼ 1. (The error propagator can be
expressed as E ¼ κ1 þ κ2 lnðsÞ. Based on a fit of
values presented in [3], it is found that κ1 ¼ 0:19
and κ2 ¼ 0:21. Note that the error propagator varies
slowly from 0.5 to 1.1 for values of s from 5 to 64.)
These closed-form equations are functionally
equivalent to those calculated byAngel [8] for optimal
spatial and temporal sampling with aMach–Zehnder
wavefront sensor, although τ0 and loop delay are ex-
plicitly called out here. Also, unlike in Angel, Eqs. (7)
and (8) do not assume a frozen flow of turbulence, and
therefore there is no direct relation between τ0 and r0.
However, no closed-form solutions for sopt and f opt ex-
ist when taking into account the error propagator and
read noise.When d > r0, which is true ofmost current
astronomical adaptive optics systems, sopt and f opt
must also be evaluated numerically.
Figure 1 shows σwf as a function of s—where the
frame rate has been numerically reoptimized at each
point—for a 10m telescope for all values of d and in-
cluding the error propagator. Shown are curves with
different magnitudes of stellar guide source, under
different seeing conditions and with two different de-
tector technologies: a standard CCD with 5 e− of read
noise and an electron multiplying CCD (EMCCD)
with zero read noise. The EMCCD, however, suffers
from an excess noise factor, reducing the SNR by
ﬃﬃﬃ
2
p
as a result of its stochastic gain mechanism[9].
Table 1 describes the minimum of each curve in
terms of σwf, sopt, and f opt for guide sources of visual
magnitude 7, 11, and 15. Table 1 also shows the
range of values of s that correspond to no greater
than a 5% error in σ2wf . It can be seen in Fig. 1 that
when guiding on bright guide sources (mV ∼ 7), it
is always best to use the highest possible pupil
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sampling because the wavefront error is dominated
primarily by fitting error. For the case of a CCD guid-
ing on dim sources (mV > 11), it is necessary to have
fine adjustment of pupil sampling. For each bright-
ness of guide source, there is only a narrow range
of s that avoids extra wavefront reconstruction error.
A CCD-based Shack–Hartmann wavefront sensor
would therefore benefit from the ability to have fine
control over low spatial pupil sampling as well as
having a high spatial pupil sampling mode for use
with bright sources. An EMCCD-based wavefront
sensor, however, has a shallow minimum in its wave-
front error as a function of s for dimmer stars. There-
fore, it may be more important to choose the spatial
pupil sampling of the wavefront sensor based on
other system considerations.
Note that when guiding is on extended sources—
including laser guide stars—where θ > 0, the σ2me
term is increased in the calculation of total wavefront
reconstruction error. This causes the curves to shift
up overall in Fig. 1; however, sopt and f opt can either
increase or decrease depending on the guide source
brightness.
3. Possible Implementations of an Adjustable Pupil
Sampling Shack–Hartmann Wavefront Sensor
NAOS (the Nasmyth adaptive optics system) [10], in
recognition of the advantage of a lower wavefront
Fig. 1. Wavefront reconstruction error as a function of pupil sampling, s, for two different detectors, a CCD with 5e− read noise (left) and
an electron-multiplying CCD with zero read noise and an excess noise factor of
ﬃﬃﬃ
2
p
, and during excellent (r0 ¼ 20 cm at λ ¼ 500nm, top),
median (r0 ¼ 15 cm, middle) and poor (r0 ¼ 10 cm, bottom) seeing conditions. The vertical dotted line in each plot represents s ¼ dtele=r0.
The curves indicate integer magnitudes of the guide source, withmV ¼ 7,mV ¼ 11, andmV ¼ 15 labeled explicitly. All assume a combined
telescope and adaptive optics system transmission of 22%, detector quantum efficiency of 80%, dtele ¼ 10m, θ ¼ 0, aF ¼ 0:28, npix ¼ 2, and
τ0 ¼ 3ms with a two-frame time delay.
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reconstructor error with an adjustable pupil sam-
pling wavefront sensor, has implemented a mechan-
ical lenslet-array exchanger that is used to change
pupil sampling to either 14 × 14 or to 7 × 7, depend-
ing on observing conditions. Rousset et al. [11] de-
scribed how the 14 × 14 sampling should result in
a higher delivered Strehl ratio from the adaptive op-
tics system when using guide stars of visual magni-
tude 8 to 13, and, similarly, the 7 × 7 sampling should
give better performance when guiding with dimmer
guide stars of visual magnitude 14 to 18. This advan-
tage has also been identified in the future upgrades
to the 5:1m Hale and 10m Keck adaptive optics sys-
tems [4,6,7,12], which will each include four different
lenslet arrays in mechanical lenslet-array exchan-
gers, enabling pupil spatial sampling options from
8 × 8 up to 64 × 64. Drawbacks to this approach in-
clude tight tolerances and additional degrees of free-
dom needed for both exchanging and aligning the
lenslet arrays within the wavefront sensor, as well
manufacturing costs for custom lenslet arrays, one
for each pupil sampling desired.
Rha et al. [13] have demonstrated the technique of
adjustable pupil sampling using a liquid crystal de-
vice (LCD) to create a closed-loop adaptive optics
system capable of changing from a 2 × 2 to a 4 × 4
Shack–Hartmann wavefront sensor. Unfortunately,
the technique has not garnered much use in the as-
tronomical community, mainly because LCDs have
many limitations for astronomy. These include nar-
row spectral and polarization bandwidth and the
limitation of introducing only 2π phase shifts that
can lead to undesirable diffraction effects. Zhao et
al. [14] found that in order to achieve ∼95% diffrac-
tion efficiency with an LCD spatial light modulator
used as a lenslet array, at least eight phase levels
are needed per Fresnel zone, leading to a require-
ment for a large number of LCD pixels for each sub-
aperture. Furthermore, it was found that the LCD’s
diffraction inefficiencies caused stray spots to land
on the detector, which increased noise in a poorly un-
derstood way on the subaperture slope measure-
ments. The LCD pixel-number requirements and
diffraction effects would also be present if the LCD
were used to emulate a prism array instead of a lens-
let array.
We propose the use of MEMS segmentedmirror ar-
rays for pupil sampling adjustment in a Shack–Hart-
mann wavefront sensor. A conceptual design for a
Shack–Hartmann wavefront sensor with a segmen-
tedmirror array is presented in Fig. 2. The wavefront
sensor is a drop-in replacement for conventional
wavefront sensors, being optically downstream of
an adaptive optics system’s deformable mirror and
beam splitter. The collimating lens images the pupil
onto the segmented mirror array. Tilt is then added
to each subaperture by tilting the individual or
groups of segments, and an imaging lens focuses the
light at the image plane. An optional relay system
can be used to demagnify the Shack–Hartmann pat-
tern before it is imaged onto the detector.
Table 1. Optimal Spatial Pupil Sampling and Frame Ratesa
CCD EMCCD
r0 ðcmÞ mV σwf ðnmÞ sopt f opt ðHzÞ σwf ðnmÞ sopt f opt ðHzÞ
20 7 48 65 (54–78) 2950 51 64 (53–79) 2970
11 118 31 (24–40) 790 108 50 (39–52) 910
15 334 9 (7–11) 230 309 20 (12–44) 250
15 7 54 75 (65–90) 2550 57 75 (65–93) 2600
11 141 33 (26–44) 640 129 66 (46–69) 720
15 398 9 (8–12) 190 372 21 (13–47) 200
10 7 65 100 (90–113) 1900 66 100 (93–117) 2060
11 181 37 (29–49) 480 166 100 (54–104) 520
15 512 10 (9–14) 140 483 23 (14–54) 150
aThese values describe the minima in wavefront reconstructor error curves presented in Fig. 1. Parenthesized terms show the range of s
such that σ2wf is within 5% of its minimum value.
Fig. 2. Conceptual design of a Shack–Hartmann wavefront sen-
sor using a segmented mirror array to adjust spatial pupil sam-
pling. The array is shown with piston control of the segments.
Angles are exaggerated, not to scale.
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Although others have suggested MEMS for use in
Shack–Hartmann wavefront sensors for other pur-
poses [15,16], none have previously considered the
benefits of MEMS for minimizing wavefront recon-
struction error. Andrews et al. [17] conducted experi-
ments using a MEMS device in a Shack–Hartmann
wavefront sensor; however, they did not consider
the advantages of pupil reconfiguration. MEMS
segmented mirror arrays offer a high-throughput,
achromatic, and polarization- and wavelength-
independent solution for adjustable pupil subdivi-
sion without the need of an exchange mechanism.
Using MEMS, a Shack–Hartmann wavefront sensor
with redefinable pupil sampling, as envisioned by
Rha et al., can be implemented in an astronomical
adaptive optics system.
Not only can pupil sampling be adjusted to opti-
mize the adaptive optics system’s Strehl ratio when
changing to different magnitudes of natural guide
star, it can also be used to adapt to dynamic flux con-
ditions. As an example, sodium D2 (589nm) laser
guide beacons can fluctuate in brightness by a factor
of two over several minutes [18,19]. The pupil
sampling could be adjusted in real-time with the
MEMS device (quickly switching s between frame
integrations) to adapt to the changing return flux
levels. MEMS-based wavefront sensors have addi-
tional advantages, including non-common-path
calibration, increased slope linearity, reduced detec-
tor format size, complete pupil sampling, and pulse
tracking of laser guide beacons; each of these poten-
tially improve adaptive optics system performance
compared with fixed-geometry lenslet- or prism-
based Shack–Hartmann wavefront sensors.
Non-common-path errors between the science in-
strument and wavefront sensor can be changed by
adjusting the tilts of individual subapertures
[2,16]. By using an internal calibration source at a
focal plane, the slope of each subaperture can be
measured by calculating the subimage’s position.
Each subimage can be steered to a new position by
the MEMS segmented mirror array, effectively add-
ing an offset that can be used either to eliminate
non-common-path errors or to add optical path differ-
ences between the wavefront sensor and science in-
strument for other purposes [20,21].
An advantage of canceling out the non-common-
path errors in this way is that each Shack–
Hartmann image can be shifted to operate on pixel
intersections where the transfer curves for quad cells
are in a linear regime [3]. This can be achieved by
running the adaptive optics system in a closed loop
on an internal calibration source and adding slope
offsets to the wavefront sensor until the image on
the science detector is corrected. The deformable mir-
ror position is then measured over the length of time
required to reduce noise effects. The loop is then
opened, and the deformable mirror is set to the mea-
sured mean position. The individual subapertures of
the MEMS array are then driven in tip and tilt such
that their corresponding images shift to pixel bound-
ary intersections on the detector. This process must
be repeated if the transfer curve nonlinearities have
affected the slope offsets until the system can be
run in closed loop by simply driving the Shack–
Hartmann subimages to pixel intersections. Operat-
ing the adaptive optics system on-sky in this way
simplifies the control law and real-time computa-
tional requirements by obviating the need for a non-
linear correction term in the slope calculation.
The ability to reposition Shack–Hartmann images
on the detector by adding tilts to each subaperture
can also reduce the required detector format
size. In a typical Shack–Hartmann wavefront sensor,
a circular pupil is imaged onto a square detector;
thus the corners of the detector are not used. By in-
telligently repositioning the Shack–Hartmann
images such that the final subimage pattern is
square, the requirement for the areal format of the
detector can be reduced by up to ð1 − π=4Þ ¼ 21%.
Alternatively, for a given commercially available
wavefront sensor detector, more physical subaper-
tures could be sensed. As an example, an 80 × 80
format CCD with 4 × 4 pixel subapertures would
be limited to s ¼ 20, with only 316 of the 400 poten-
tial subapertures illuminated. By using a MEMS
segmented mirror array to reposition the subimages,
sampling of s ¼ 22 (totaling 380 illuminated suba-
pertures) could be achieved with the same format
detector.
Square geometry Shack–Hartmann wavefront
sensors typically suffer from information loss around
the edge of the pupil as a result of the projection of an
annular pupil onto a square grid of subapertures.
Measurements from the edge subapertures are gen-
erally disregarded because the SNRs are much lower
than those of fully illuminated subapertures. This
loss of information results in additional error in
the wavefront estimate because the reconstructor
must extrapolate into these unsensed areas of the
pupil. A segmented mirror array can be used to de-
fine custom edge subapertures such that the light of
partially illuminated segments is combined with
that of neighboring segments, increasing the suba-
perture’s SNR. Figure 3 shows an example of
traditional edge subapertures with light loss, and
combined-segment subapertures that capture all of
the light. The custom-defined edge subapertures al-
low for complete wavefront measurement and better
edge control of the adaptive optics system’s deform-
able mirror.
The tip and tilt control over each subaperture can
also be used to compensate for perspective elongation
when using pulsed-laser guide beacons [15,16].
By dynamically driving each subaperture with a
predetermined open-loop signal that—in the absence
of atmospheric wavefront aberration—keeps the
corresponding beacon image centered on the suba-
perture’s optical axis, the effects of perspective elon-
gation can be mitigated.
1 October 2008 / Vol. 47, No. 28 / APPLIED OPTICS 5159
4. Design of a MEMS-Based Shack–Hartmann
Wavefront Sensor
The first-order optical design for a Shack–Hartmann
wavefront sensor using a lenslet array is highly
constrained, given the telescope diameter, focal
length, detector dimensions, desired plate scale,
and desired pupil sampling. This is similarly true
for a sensor using a segmented mirror array. The
equations for the focal length of the collimating
and imaging lens, f col and f img, respectively, and
the minimum surface tilt angle required on the edge
subaperture to adequately separate the Shack–Hart-
mann spot pattern on the detector, ϕ, are
f col ¼
sdsmf tele
dtele
; ð9Þ
f img ¼
sdsmp
dteleαm
; ð10Þ
ϕ ¼ ðs − 1Þ
s
ðnpixαÞ
4
dtele
dsm
; ð11Þ
where dsm is the diameter of each mirror segment of
themirror array, f tele is the telescope focal length, p is
the pixel size, α is the plate scale in radians per pixel,
and m is the magnification of the relay. The focal
length of the imaging lens is arbitrarily adjustable,
as it is dependent on the magnification of the relay,
a free parameter. The minimum angle of tilt required
on the edge subaperture, however, is highly con-
strained by the telescope diameter. Given a desired
pupil sampling and Shack–Hartmann image spa-
cing, npixα, the required amount of tilt is proportional
to the ratio of the telescope diameter to the segment
diameter. From Eq. (11), the product ϕdsm, which for
a mirror tilted about one edge is equal to the actuator
stroke, is seen to be proportional to the telescope dia-
meter. Requirements for tilt and actuator stroke for
segmented mirror arrays are presented for a few ex-
ample applications in Table 2. These stroke require-
ments could be relaxed if the actuators could bemade
to cantilever each mirror segment, but this may in-
troduce manufacturing complications.
If the segments can physically piston, e.g., if
they are mounted on three independent actuators,
grouped subapertures can be phased, creating con-
tinuous surfaces. This is achieved without increasing
the stroke requirement on the device. When seg-
ments are grouped together to form larger effective
subapertures—while holding α and npix constant—
the effective dsm increases, and ϕ decreases inversely,
with the overall stroke requirement decreasing only
slightly as ðs − 1Þ=s. This can be seen graphically in
Fig. 2, wherein the maximum stroke required is ap-
proximately equal for both the s ¼ 4 and s ¼ 8modes
of the mirror array; the segment tilts of the s ¼ 4
mode are the same as the tilts on the centermost four
segments in the s ¼ 8 mode.
Special consideration must be taken with a seg-
mented mirror array with only tip–tilt actuation
when combining segments into subaperture groups.
A relative phase delay will be introduced between
segments of a subaperture, causing extra structure
to be created in each subaperture’s point spread func-
tion, decreasing the SNR in the subsequent subaper-
ture slope measurement. When guiding on coherent
sources, such as natural guide stars, this is of
concern when the full width at half-maximum of the
diffraction-limited point spread function created by a
single segment is greater than the atmospheric see-
ing width. However, this effect is lessened when guid-
ing on laser guide stars or solar system objects with
large angular extents because of their spatial inco-
herence. Alternatively, a tip–tilt segmented mirror
array, designed such that individual square mirror
segments in groups of 2 × 2 all have their fulcrum
at the middle intersection of the group, could be used
to switch spatial pupil sampling by a factor of two
while still maintaining phase coherency across a
grouped subaperture.
A tip–tilt–piston MEMS device that is appropriate
for astronomical adaptive optics has been fabricated
by Sandia National Laboratories [22]. The mirror
Table 2. Stroke Requirements for a Segmented Deformable Mirrora
s Telescope dtele ðmÞ α ðarcsec=pixelÞ npix Stroke (μm)
9 SOAR 4.1 0.4 6 10.6
9 Hale 5.1 1.3 2 14.3
9 MMT 6.5 0.4 6 16.8
64 Hale 5.1 2.1b 2 25.6
64 Keck 11c 1.0 2 26.1
64 TMT 30 0.5 4 71.6
aValues in bold exceed current technology capability.
bThis plate scale has been matched to the diffraction limited
point spread function size.
cKeck’s maximum diameter.
Fig. 3. Configuration of subapertures (left) for a traditional
Shack–Hartmann wavefront sensor and (right) for a MEMS seg-
mented mirror array with combined edge segments. The footprint
of the pupil is outlined in dashed gray, and subapertures are out-
lined in black. The light lost in a traditional Shack–Hartmann wa-
vefront sensor is seen as the gray area.
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has the following characteristics: dsm ¼ 0:5mm,
s ¼ 9, a maximum stroke of 26:7 μm, an allowable tilt
of ∼3°, and a control rate of at least 1kHz. While the
spatial sampling of this device is smaller than that of
many astronomical adaptive optics systems, it can be
used without modification at moderately sized tele-
scopes such as the 4:1m Southern Astrophysical Re-
search (SOAR), 5:1m Hale, and current 6:5m MMT.
Simply increasing the number of segments in a de-
vice can meet the requirements for a wavefront sen-
sor with 64 subapertures across the pupil at both the
Hale[4,12] and the Keck[6,7] telescopes. The use of a
segmented mirror array wavefront sensor for the
next generation of extremely large telescopes (e.g.,
the Thirty Meter Telescope (TMT) [23]), however,
requires a significant breakthrough in actuator tech-
nology, because the requirements for actuator stroke
are almost a factor of 3 greater.
5. Conclusion
It has been shown that a Shack–Hartmann sensor
using a MEMS segmented mirror array in place of
the traditional lenslet array has the potential to op-
timize spatial sampling at the pupil for any given
brightness of guide source and observing condition.
This serves to minimize total wavefront reconstruc-
tion error, which in turn maximizes an adaptive op-
tics system’s delivered Strehl ratio. Such a sensor
also has the ability to calibrate non-common-path er-
rors with additional static tilts on individual seg-
ments that can be used to linearize the subimage
slope measurements. The segment tip–tilt control
can be used to reshape the Shack–Hartmann pattern
so that it uses more area of the detector. A MEMS
segmented mirror array can also be used combine
edge segments into subapertures, fully sampling
the pupil with no information loss around edges.
Additionally, the arrays can be used to dynamically
correct for perspective elongation of pulsed laser
beacons.
Recent innovation has made it possible to field the
required devices in MEMS-based Shack–Hartmann
wavefront sensors on moderately sized telescopes op-
timized for faint guide stars. An increase in the ele-
ment number of these devices will lead to improved
adaptive optics performance and additional engi-
neering benefits to all current telescope apertures
and all guide star brightnesses. Additional stroke
capability will also extend these gains and benefits
to the next generation of extremely large telescopes.
This work has been supported by the National
Science Foundation (NSF) under grant AST-
0619922.
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